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Introduction
The speckle phenomenon is widely used for determining tissue perfusion maps [1, 2] . In general, the tissue is illuminated with coherent laser light. A fraction of the laser light interacts with moving red blood cells and obtains a Doppler shift. Doppler shifted and unshifted light which are diffusely scattered from the medium create a dynamic speckle pattern on a plane of observation. Various methods of analyzing this speckle pattern have led to two separate modalities of flux imaging. In the first modality [3] the power spectrum P(ν) of intensity fluctuations generated in the dynamic speckle pattern is analyzed in terms of its moments given by :
where the zeroth order moment (i = 0) is a measure for the concentration of red blood cells and the first order moment (i = 1) is a measure for the flux or perfusion [3] . The physics behind this modality is well-known and it has been shown by Bonner and Nossal [3] that, for low blood concentrations, the concentration of red blood cells and their average velocity are both linearly represented by the power spectral moments of equation 1.
In the second modality, referred to as laser speckle contrast methods, comprising Laser Speckle Contrast Analysis (LASCA) [4] and Laser Speckle Imaging (LSI) [5] the contrast in the speckle pattern is used as a measure for perfusion [2] . In these techniques the changing speckle pattern is averaged over a time interval in the order of the speckle decorrelation-time (i.e. in the millisecond range) leading to speckle blurring. The level of blurring is related to the movement within the illuminated medium and is quantified by the speckle contrast C, which is usually defined as the ratio of the standard deviation σ of the intensity I of the blurred image to the mean intensity I of the speckle pattern :
where the brackets denote spatial averaging. However, for ergodic speckle patterns, spatial and temporal averaging will give identical results. This is the case for completely dynamic speckle patterns, hence without static component. Retrieving flux from contrast of time averaged speckle patterns lacks a generally accepted theoretical framework.
As pointed out by Boas and Dunn in their recent review [6] , as yet speckle contrast flowmetry modeling has focused on retrieving velocity information of scattering particles rather than their flux which includes concentration [7] [8] [9] . The presence of a static speckle component is usually not taken into account, with two recent exceptions [9, 10] . Already Bonner and Nossal [3] take into account the presence of a static tissue matrix, and the experimental evidence given e.g. by Nilsson et al. [11] show that laser Doppler can give a relative measurement of red cell flux within a static environment, at least for a certain range of concentrations. Furthermore, although less problematic as long as only relative velocities are measured, models for speckle contrast flowmetry are inspired by Dynamic Light Scattering theories, implying assumptions regarding the dynamics of the particles and the associated optical intensity correlations, which is known to lead to model-dependent velocity estimations [8, 12] . Finally they often assume single scattering by moving particles.
Here we present a theory which connects the contrast in time integrated dynamic speckle patterns and the power spectral density of temporal intensity fluctuations of non-integrated speckle patterns without prior assumptions regarding the speed distribution of particles and the extent of multiple scattering. The theory includes speckle patterns with an arbitrary large static component caused by the presence of non-Doppler shifted light. We show that a contrast based parameter which is closest to the weighed spectral moments as proposed by Bonner and Nossal is 1 − C 2 . In this definition, the flux parameter will increase with increasing flow or concentration. Verification of the theory will be done by simulated speckle patterns. Linking speckle contrast flowmetry to a model based on the power spectrum of intensity fluctuations may enable quantification in terms of flux rather than velocity only.
Theory
We introduce time dependent function f (t) which is the intensity fluctuation of a pixel, and its moving average
Fourier transforms of f (t) and u(t) respectively. From general Fourier transform properties for time domain shifts and integrations [13] , U and F are related as
So the relation between F(ω) and U(ω) is given by the amplitude transfer function
with gain
2π 2 ν 2 and ν given in Hz. Figure 1 shows an example of |H(T, ν)| as a function of ν for integration times T of 1, 5 and 10 ms. Assume a blurred speckle pattern I(x,t) in which blurring is realized by averaging a dynamic speckle pattern within window T . Assuming statistical homogeneity in time and space, this speckle pattern can be decomposed in an average value I , a static, time independent spatial fluctuation I s (x) and a time-and space dependent fluctuation I T (x,t) which depends on the integration time T . These components are shown in Fig. 2 which features an example of a blurred intensity I along a line in x-direction. Hence I(x,t) = I + I s (x) + I T (x,t). I s will be nonzero when part of the light producing the speckle pattern has a constant phase, for instance due to interaction with static objects only. For a static-dynamic speckle pattern, for T → ∞ we obtain I T → 0. For a fully dynamic speckle pattern, I s (x) = 0 while for T → ∞ also I T (x,t) → 0 and I(x,t) → I . Substituting the above form of I(x,t) in equation 2 gives : Furthermore, contrast as a function of integration time T can be written as :
The intensity in an unblurred polarized speckle pattern will have an exponential probability density function [14] , so C 2 (0) equals unity. Since in the right hand side of equation 3 only I T (x,t) depends on T, substitution of equation 3 in equation 4 gives
By using Parsevals's theorem and the transfer function H(T, ν), I 2 T can be written as : Strictly speaking Parsevals theorem implies averaging over all time in the lefthand side. Since static-dynamic speckle patterns are non-ergodic, this should be done both for regions within the speckle pattern that are bright or dark. However, averaging over all space, as indicated by , is equivalent to temporal averaging in a limited part of space. Substituting Eq. (6) into Eq. (5) results in :
which, using Eq. (1) with i = 0, reduces to
since |H(0, ν)| = 1. Equation (8) Since [15] , the limiting behavior of Eq. (8) agrees with the form given by Zakharov et al. [10] for quantitative modeling of laser speckle imaging.
To validate Eq. (8), completely dynamic artificial speckle patterns are generated by making use of the concept of a copula [16] . For the speed of change of the speckle pattern, a time scale was chosen which was realistic for tissue speckle. The dynamic speckle pattern was recorded for a total duration of 12.8 seconds.
From the dynamic speckle pattern, for 10 random pixels the intensity as a function of time was extracted. Per pixel, from the time signal the temporal contrast was determined from its definition in Eq. (2) . Furthermore in each pixel, from the power spectrum of the time trace the contrast was predicted for different values of T using Eq. (8) .
The spatial contrast is determined in concentric regions of 7 × 7 pixels around 10 random pixels. In each region, the contrast was determined from the definition in Eq. (8) as well as predicted by Eq. (2) based on the averaged power spectrum in the region. An example of an averaged power spectrum over 7 × 7 pixels is shown in Fig. 3 . The average contrast values and their standard deviations are shown in Fig. 4 . Figure 4 shows that Eq. (8) allows for prediction of both temporal and spatial speckle contrast values based on the power spectrum of the associated intensity fluctuations. There is a much better agreement between the simulated and predicted contrast-curves for the case of temporal contrast than for spatial contrast. Furthermore the error bars for temporal contrast are smaller than for spatial contrast. The discrepancy for the spatial contrast can be explained from the fact that in the limited region of interest of 7 × 7 pixels, the speckle pattern does not exhibit all intensity variations which are present in the complete speckle pattern. For integration times above 1 ms (i.e., which are normally used in speckle contrast techniques [2] ) there is good agreement between the predicted and simulated spatial contrast values. The smaller variation of temporal contrast compared to spatial contrast can be explained from the fact that in each of the 10 randomly chosen pixels, spatial contrast is obtained from averaging over 49 pixels in the surrounding region of interest, while the temporal contrast is obtained from all time points. Note the fact that for integration times > 0.5 second still the contrast did not reach zero, presumably due to low frequencies (e.g., below 1 Hz) which are present in the signal.
Given the suitability of the first order power spectral moment of intensity fluctuations as an estimator of particle flux within a static turbid matrix, as shown by Bonner and Nossal [3] for low particle flux, the expression derived in this paper for the contrast in blurred speckle forms the basis for further study of speckle contrast techniques. Here only a first step will be made. Clearly, Eq. (8) shows that speckle contrast provides an integral over the power spectrum P(ν) weighed with |H(T, ν)| 2 . For the contrast based flux parameter 1 −C 2 we can derive from Eq. (8) that :
In Fig. 5 the spectral weighting function in Eq. (9) is shown for integration times of 1, 2, 5 and 15 ms, respectively. The weighting function increases nonlinearly from 0 to 1 at ν = 1 T . For ν > 1 T the weighting function is almost constant, showing decaying oscillations between 1 and 0.95. Hence, for integration times 5 ms < T < 15 ms realistic for speckle contrast techniques, frequency dependent weighting is only performed in a frequency interval between 0 Hz and 67 Hz < ν < 200 Hz. For higher frequencies, 1 − C 2 mainly provides the zero order moment of the power spectrum. For realistic integration times and for low concentrations of moving particles that are assumed in the theory of Bonner and Nossal [3] , speckle contrast mainly provides information regarding the concentration of moving particles rather than their speed. Information about speed variations is only conveyed inasmuch as these variations affect the spectral broadening in the interval 0 < ν < 1 T (in Hz). In this interval the frequency weighting is nonlinear, with an approximately 2 nd order weighting (∝ ν 2 ) for ν → 0. The second order weighting can be extended to higher frequencies by reducing integration time T . For instance, assuming that the spectral weighting function associated with 1 − C 2 has a second order behavior for 0 < ν < 1 2T , the power spectrum shown in Fig. 3 , with a width of 5 kHz which is typical for physiological perfusion, would be obtained for an integration time of approximately 0.1 ms. This will give a contrast value which is only slightly smaller than 1, and therefore will not be very sensitive. Figure 5 also suggests that speckle contrast methods will be particularly sensitive to changes in the power spectrum in the low frequency range, e.g. caused by overall tissue motion or speed variations of particles moving at a low speed. For other flux estimators which provide higher flux or velocity values for lower contrast, such as 1/C, a similar analysis may be made, however this will be mathematically less elegant.
Conclusion
In this paper, we have presented a theory which expresses the contrast in time integrated dynamic speckle patterns in terms of the power spectral density of their local temporal intensity fluctuations. The theory covers mixed static-dynamic speckle patterns, provided that they are statistically homogeneous. Verification was done on computer-created fully dynamic speckle patterns. We show that with speckle contrast C, the flux parameter 1 −C 2 provides a weighted average of the power spectrum of photocurrent fluctuations similar to that in laser Doppler flowmetry, however with nonlinear rather than linear weighting. For very small integration times 1 − C 2 would imply a second order weighting. For realistic integration times T > 5 ms, speckle contrast mainly provides information regarding the concentration of particles moving within a static matrix, with speed information only present as far as represented by the power spectrum for frequencies between zero and 1 T Hz. The presented theory will enable further research into the use of speckle contrast as an estimator of tissue perfusion.
